Abstract. Following analogous constructions for Lie algebras, we define Whittaker modules and Whittaker categories for finite-dimensional simple Lie superalgebras. Results include a decomposition of Whittaker categories for a Lie superalgebra according to the action of an appropriate sub-superalgebra; and, for basic classical Lie superalgebras of type I, a description of the strongly typical simple Whittaker modules.
Introduction
"Whittaker" modules and Whittaker categories have been studied for a variety of Lie algebras and have a well-developed theory in the Lie algebra setting. This work relies on Lie algebra structures that have natural analogues for Lie superalgebras. Here we focus on defining and investigating Lie superalgebra equivalents of both Whittaker modules and Whittaker categories.
Kostant [10] defined Whittaker modules for complex finite-dimensional semisimple Lie algebras g. Such a Lie algebra has a triangular decomposition g = n − ⊕ h ⊕ n + (where h is a Cartan subalgebra and n ± is nilpotent); a Whittaker module is a g-module V generated (as a g-module) by a one-dimensional n + -submodule Cw ⊆ V . Among other results, Kostant provided a description of Whittaker modules V , for a restricted set of generating n + -submodules Cw, in terms of the action of the center Z(g) of U (g). McDowell [12] and Miličić and Soergel [14] built on Kostant's work to produce a description of Whittaker modules for all generating n + -submodules Cw, along with results that situated Whittaker modules in a larger category of g-modules with locally finite n + -and Z(g)-actions.
Many other Lie algebras and related algebras possess a structure similar to the triangular decomposition of complex finite-dimensional semisimple Lie algebras, and there has been a variety of work done to define and investigate Whittaker modules in these settings. Whittaker modules have been studied for Heisenberg Lie algebras [5] , for the Virasoro algebra [17] , for the twisted Heisenberg-Virasoro algebra [11] , and for graded Lie algebras [20] . There has also been work on Whittaker modules for quantum groups [19, 16] and for generalized Weyl algebras [2] .
More recently, Batra and Mazorchuk developed a framework to unite and expand on the previous appearances of Whittaker modules. They considered pairs of Lie algebras g ⊇ n where n is a nilpotent subalgebra of g and investigated the category W of g-modules such that n acts locally finitely.
(We refer to this category as a Whittaker category.) Among their main results in this general setting, they showed that if the action of n on g is locally finite, then the category W decomposes according to the action of n.
In this paper we adapt the framework of Batra and Mazorchuk to finitedimensional simple Lie superalgebras. Section 2 presents relevant background information for Lie superalgebras. Section 3 defines Whittaker categories W for Lie superalgebra pairs (g, n) and gives a decomposition of W according to the action of n, among other results.
Unlike the Lie algebra setting, simple finite-dimensional modules for a finite-dimensional nilpotent Lie superalgebra are not always one-dimensional; this creates an additional challenge for reproducing Lie algebra results in the Lie superalgebra setting. For this reason, we restrict to basic classical Lie superalgebras of type I in Sections 4 and 5. In Section 4, we construct modules M ψ,λ (ψ ∈ L ⊆ n * , defined below, and λ ∈ h * ) in the Lie superalgebra category W(g, n) by inducing up from particular modules M ψ,λ in the underlying Lie algebra category W(g 0 , n 0 ). We show that, under certain mild restrictions on ψ and g, the modules M ψ,λ have unique simple quotients L ψ,λ . Moreover, for suitable choices of λ, the modules L ψ,λ give a complete list up to isomorphism of the strongly typical Whittaker modules.
If ψ : n → C is nonzero on the simple roots of g 0 , then the g 0 -module M ψ,λ is simple. In Section 5 we study the corresponding induced modules M ψ,λ . In particular, we show that the sl(1, 2)-modules M ψ,λ are simple and thus give a complete description of the strongly typical simple Whittaker sl(1, 2)-modules.
Background for Lie Superalgebras
In this paper we restrict to finite-dimensional Lie superalgebras over C. Such a Lie superalgebra is a Z 2 -graded vector space g = g 0 ⊕ g 1 with a bracket [, ] : g × g → g which preserves the Z 2 -grading and satisfies graded versions of the operations used to define Lie algebras. Let d(x) denote the Z 2 -degree of a homogeneous element x ∈ g. The even part g 0 is a Lie algebra under the bracket operation. Finite-dimensional complex simple Lie superalgebras were classified by Kac [9] .
In this paper g-modules V are Z 2 -graded:
Thus there is a parity change functor Π on the category of g-modules, which interchanges the Z 2 -grading of a module. For a finite-dimensional module V and a simple module L, define [V : L] to be the number of times that L appears as a factor in a composition series of V . We restrict to modules V with at most a countable basis.
For a Lie (super)algebra a denote by U (a) its universal enveloping (super)algebra and by Z(a) the center of U (a). We call an algebra homomorphism χ : Z(a) → C a character of Z(a). We say that an a-module V has central character χ if zv = χ(z)v for every z ∈ Z(a) and v ∈ V .
Note that U (g) can be viewed as an g-module through the adjoint action:
The superalgebra U (g) is a supercommutative Hopf superalgebra. Thus we can define a module structure on a tensor product of modules using the coproduct. For a sub-superalgebra n of g, we define induced modules as follows. First note that the Hopf superalgebra structure on U (g) gives a gmodule structure on the tensor product M ⊗ N =: M ⊗ C N , where M, N are g-modules. Then for an n-module N , Ind g n N = U (g)⊗ U (n) N has the natural structure of a left U (g)-module (U (g) is considered as a right U (n)-module and a left U (g)-module through multiplication).
2.1. Nilpotent finite-dimensional Lie superalgebras. Let n = n 0 ⊕ n 1 be a nilpotent Lie superalgebra, and let F(n) (abbreviated as F) be the category of finite-dimensional n-modules. Define
For a fixed ψ ∈ L, one can choose h ⊆ n such that
The following is a summary of several results from [9] , with a correction given in [18] . (These results are stated for solvable Lie superalgebras. When applied to nilpotent Lie superalgebras, the results in the two papers coincide.) Proposition 2.3. For ψ ∈ L, the module I(ψ) is independent of the choice of h, is finite-dimensional, and is irreducible. Moreover, up to the parity functor, the set {I(ψ) | ψ ∈ L} provides a complete list of the irreducible objects in F.
In this paper it will also be useful to view I(ψ) as an n 0 -module. The following lemma shows that, as an n 0 -module, I(ψ) has a composition series with all factors isomorphic to C ψ .
Proof. Consider I(ψ). The action is well-defined since ψ([n 0 , n 0 ]) = 0.
To show that the action is locally nilpotent on I(ψ), consider a monomial y ⊗ 1 ψ ∈ I(ψ). Then,
Since the induced adjoint action of n 0 on U (n) is locally nilpotent, it follows that for k sufficiently large
where V ψ is the maximal submodule such that, for any irreducible module
Proof. Viewed as an n 0 -module, V = ψ∈L V ψ where
Similar to the argument in the previous proof, for v ∈ V ψ , y ∈ n 1 , and x ∈ n 0 , we have that (x − ψ(x)) k yv = 0 for k sufficiently large. Thus, V ψ is in fact a n-submodule of V . The result then follows from Lemma 2.3.
Based on this decomposition, we define F(ψ) (or F(n, ψ)) to be the full subcategory of
Whittaker categories for Lie superalgebras
In this section, we define Whittaker categories for Lie superalgebras and present a category decomposition. Let g be a finite-dimensional Lie superalgebra and n ⊆ g a nilpotent sub-superalgebra. Following the definition of Batra and Mazorchuk [1] , we define a Whittaker category W(g, n) for the pair (g, n) to be the full category containing g-modules V such that n acts locally finitely on V . When there is no confusion, we may abbreviate W(g, n) as W.
Let V ∈ F(n). Since the adjoint action of n is locally finite on U (g), Ind g n (V ) ∈ W(g, n). For any M ∈ W(g, n), M has a filtration by finitedimensional n-modules:
(To see this, recall that we only consider modules with a countable basis.) Then, for an irreducible n-module L, define
Proof. View Ind g n V as an n 0 -module with action given by x.v = (x − ψ(x))v. It follows from Lemma 2.4 that the action of n 0 on V is locally nilpotent. Since the adjoint action of n 0 on U (g) is locally finite, a similar argument to the proof of Lemma 2.4 shows that the action of n 0 on all of Ind g n V is locally nilpotent. Now suppose that L is an irreducible subquotient of Ind
where
Proof. Define M ψ to be the sum of the images of all modules Ind g n V where V ∈ F(n, ψ). Then M ψ is a submodule of M , since it is a sum of submodules. Moreover, for any v ∈ M ψ and x ∈ n 0 , (x − ψ(x)) k v = 0 for k >> 0. Since sums of distinct generalized eigenspaces are direct, this implies that ψ∈L M ψ is a direct sum. Now we argue that ψ∈L M ψ = M . Let v ∈ M and define V = U (n)v. By definition of W(g, n), V is finite-dimensional and so by Corollary 2.5
Proof. Let 0 = v ∈ V . By definition of the category, U (n)v is a finitedimensional n-module. Therefore, U (n)v has a nonzero socle which must be a direct sum of I(ψ), Π(I(ψ)).
The vectors in Wh ψ (V ) are the Whittaker vectors of V . (Thus, if w ∈ Wh ψ (V ), then Cw is a one-dimensional irreducible n-module.) If V is generated by a Whittaker vector w, then we call V a Whittaker module.
Proof. Let W be a non-trivial g-submodule of V . Lemma 3.3 implies that W contains a non-zero Whittaker vector w. Since dim Wh ψ (V ) = 1, it follows that w must generate V .
Whittaker modules for basic classical Lie superalgebras of type I
For the remainder of the paper we restrict g to a simple basic classical Lie superalgebra of type I, that is g = sl(m, n) (n > m ≥ 1), psl(n, n) (n ≥ 3), or g = osp(2, 2n) (n ≥ 1). Although we will not consider this case here, our results can easily be extended to g = gl(m, n). For a natural choice of nilpotent subalgebra n ⊆ g, the irreducible n-modules are one-dimensional. With this in mind, we study Whittaker modules and Whittaker vectors for these Lie superalgebras.
Basic Classical Lie superalgebras of Type I. The basic classical
Lie superalgebras of type I admit a Z-grading g = g −1 ⊕g 0 ⊕g 1 , where g0 = g 0 and g1 = g −1 + g 1 , and a non-degenerate even invariant supersymmetric bilinear form (·, ·). Both superalgebras g ±1 are supercommutative and the exterior algebras g ±1 are naturally embedded in U (g). Moreover,
As ad g 0 -modules, g ±1 are irreducible and dual to one another. The above Z-grading can be extended to a Z-grading on U (g).
Let ∆ be a root system for g, with a set of simple roots π, and let let ∆ + be the set of positive roots. Set ∆ − = −∆ + . Denote by ∆0 the set of nonzero even roots of g and by ∆1 the set of odd roots of g. Set ∆ ± 0 = ∆0 ∩ ∆ ± and ∆ ± 1 = ∆1 ∩ ∆ ± . Also, let π0 be the set of simple even roots. Let W be the Weyl group of g 0 . Put ρ0 = α as usual and set
For any S ⊆ π, let Q S be the free abelian group generated by S.
.3] and since ψ is completely determined by its restriction to n + 0 , we will say that ψ is non-singular if ψ| gα = 0 for all α ∈ π0. Otherwise, we will say that ψ is singular. Set S ψ = {α ∈ π | ψ| gα = 0}. By the definition of L, we observe that S ψ ⊆ π0. This implies that ∆ S ψ ⊆ ∆0. Let P0 = ∆ Let g ψ = s ψ ⊕ Z, where s ψ := [g ψ, g ψ ] is semisimple and Z is the center of g ψ . Note that
where z is the center of
Assume that
Proof. We only prove the lemma for r + ψ since the proof for r − ψ is similar.
b j β j . Since α + β ∈ ∆ and b j > 0 for at least one j, it must be α + β ∈ ∆ + \ ∆ S ψ + .
Induced Whittaker modules.
In this subsection we construct Whittaker g-modules as modules induced from Whittaker g 0 -modules and study their properties.
Let θ ψ : Z(g ψ ) → U (h) be the Harish-Chandra homomorphism for g ψ and let θ ψ : h * → MaxZ(g ψ ) be the induced map on the maximal ideals. For any λ ∈ h * let χ λ be the character of Z(g ψ ) corresponding to θ ψ (λ) ∈ MaxZ(g ψ ) (that is, an algebra homomorphism χ λ : Z(g ψ ) → C with ker χ λ = θ ψ (λ)).
Recall that p 
Further, if w ψ,λ is a cyclic Whittaker vector of W ψ,χ λ (unique up to scalar multiplication, see Proposition 4.3), we setw ψ,λ = 1 ⊗ w ψ,λ . Then M ψ,λ is a Whittaker module in the category W(g, n) of type ψ.
Consider U (r − ψ ) with the adjoint action of g ψ . It is easy to see that the map f defined by u ⊗ y → uy is a g ψ -isomorphism of U (r
In what follows, we prove that M ψ,λ has finite length as a g-module. First, we establish some notation. We denote again by ψ the restriction of 
Let λ ∈ h * and let W ψ,χ λ be as before. We extend the g ψ -action on W ψ,χ λ to an action of p 0 ψ by letting m + ψ act by 0 and we set
These modules were constructed and studied in [12] and [14] . Although this construction was originally accomplished for semisimple Lie algebras, it can be extended to reductive Lie algebras and the results that we use remain valid over g 0 . It is obvious that if ψ is non-singular, then g ψ = g 0 , m
By (4.5), the fact that r
, the PBW Theorem, and (4.7), it follows that
It is easy to see that this is an isomorphism of g 0 -modules, where we consider g −1 as a g 0 -module with the adjoint action. Let P ⊂ h * be the set of weights of g −1 as a g 0 -module (counted with multiplicities). Proof. The proof follows from Proposition 4.9 and the fact that each M ψ,µ , µ ∈ h * has finite length by [14, Theorem 2.6].
4.2.1. In this subsection, let ψ ∈ L, ψ = 0. We will further assume that ψ is singular if g = psl(n, n). Under these assumptions Z = 0.
Recall that S ψ = {γ 1 , . . . , γ s } and π \ S ψ = {β 1 , . . . , β k }.
Lemma 4.11. β j (h) = 0 for all h ∈ h ψ , j = 1, . . . , k.
Proof. This is an easy computation using the non-degenerate even invariant supersymmetric normalized form (·, ·) on g and we omit it.
For any λ ∈ h * , letλ = λ| Z . Note thatγ i = 0 for each i because γ i (ζ) = 0 for all ζ ∈ Z. Lemma 4.12.
(a) The set {β 1 , . . . ,β k } is a linearly independent subset of the dual space Z * of Z.
Proof. (a) Suppose that there exist κ 1 , . . . , κ m ∈ C such that (4.13)
We wish to show that κ i = 0 for all i. We claim that + , there exist unique ν i , κ j ∈ Z ≥0 , i = 1, . . . , s, j = 1, . . . , k with κ j > 0 for at least one j such that γ = ν 1 γ 1 + · · · + ν s γ s + κ 1 β 1 + · · · + κ k β k . Sinceγ i = 0 for all i, we must haveγ = κ 1β1 + · · · + κ kβk , which proves (ii).
We define a partial order on Z * as follows: if α, β ∈ Z * , then α ≤ β if
For any g ψ -module V and any λ ∈ Z * , set
Lemma 4.14. Let g ψ act on U (r − ψ ) by the adjoint action. Then (a) Z acts semisimply on U (r − ψ ) and
Proof. 
Clearly the isomorphism f of (4.5) Suppose that M ψ,λ is simple and let v ∈ Wh ψ ( M ψ,λ ). Clearly, v is a maximal vector of M ψ,λ . Since r that v = kw ψ,λ for some k ∈ C, which completes the proof.
4.2.2.
Let ψ ∈ L, ψ = 0 and we continue to assume that ψ is singular if g = psl(n, n). We show that the modules M ψ,λ are not in general simple. Recall the definition of M ψ,λ in (4.6). 
The following Lemma can be easily deduced from Lemma 2.12 in [12] . In [13] it was shown that if s is a finite-dimensional semisimple Lie algebra over C, then the induced s-modules M ψ,λ can have proper submodules. In particular, let s = sl 3 and following [13] let ψ and χ λ be chosen so that M ψ,λ is not simple as an sl 3 -module. We can trivially extend the action of sl 3 to an action of gl 3 by letting the center of this reductive Lie algebra act by zero on M ψ,λ . Clearly, M ψ,λ will have proper submodules as a gl 3 -module. This implies by Proposition 4.23 that in the case g = sl(1, 3) the g-modules M ψ,λ are not simple in general.
4.3. Strongly typical simple Whittaker modules. For a fixed ψ, simple Whittaker modules for Lie algebras are in correspondence with central characters of g. In order to carry this link over to Lie superalgebras through the induced modules M ψ,λ , we restrict to strongly typical characters.
Let Z(g 0 ) be the center of U (g 0 ), let χ be a character of Z(g 0 ) (that is, an algebra homomorphism χ : Z(g 0 ) → C), and let ψ ∈ L, ψ = 0. Recall that we denote again by ψ the restriction of ψ to a Lie algebra homomorphism n + 0 → C. Following [12, cf. Definition 1.5], let K(χ, ψ) be the category whose objects are the g 0 -modules M such that (i) M is finitely generated, (ii) for each v ∈ M there exists a nonnegative integer n such that (ker ψ) n v = 0, and (iii) M has central character χ.
Let Ω : Z(g ψ ) → C be a character of Z(g ψ ). A vector v, in a g 0 -module M , is said to be a (Ω, ψ)-vector if xv = ψ(x)v for all x ∈ n + 0 and zv = Ω(z)v for all z ∈ Z(g ψ ). Lemma 4.26. Let g be finite or countable dimensional Lie superalgebra, and let M be a simple g-module. Then there exists a character χ of Z(g) such that zv = χ(z)v for all z ∈ Z(g) and v ∈ M.
Let T ∈ U (g) be a special ghost element constructed in [6] . Following [8] , a character χ : Z(g) → C is strongly typical if T 2 ∈ ker χ. We call a simple Whittaker g-module V strongly typical if V has a strongly typical central character χ.
Analogous to (3.4), define
Theorem 4.27. Let ψ ∈ L, ψ = 0 and let V be a strongly typical simple Whittaker g-module of type ψ. Then there exists λ ∈ h * such that V is a homomorphic image of M ψ,λ as g-modules.
Proof. Suppose that v is a cyclic Whittaker vector of V . Since V is a strongly typical simple g-module, V has a strongly typical central character χ.
Let u ∈ Z(g 0 ) be a generator of Z(g 0 ). We claim that span C {u k v : k ≥ 0} is finite dimensional. Theorem 2.5 in [15] (see also Lemma 8.3.1 in [7] for a correction of a misprint) implies that there exist z 0 , z 1 , . . . , z l ∈ Z(g) (where l is the number of elements in the set of sums of distinct odd positive roots)
, where χ(z l ) = χ(T 2 ) = 0 since χ is a strongly typical central character. It follows that span C {u k v : k ≥ 0} is finite dimensional. Since Z(g 0 ) is a finitely generated polynomial algebra, this implies that Z(g 0 )v is a finite dimensional vector space on which Z(g 0 ) acts as a commuting set of endomorphisms. Therefore Z(g 0 )v contains a common eigenvector w for the action of Z(g 0 ). That is, there exists an algebra homomorphism χ : Z(g 0 ) → C such that zw = χ(z)w for all z ∈ Z(g 0 ). Moreover,
is generated by g 0 , and g 1 v = 0, it follows that g 1 w = 0. Hence xw = ψ(x)w for all x ∈ n + .
Let M = U (g 0 )w. Clearly M is in K(χ, ψ). By Theorem 4.25, it follows that there exists λ ∈ h * such that M contains a (χ λ , ψ)-vector, say w. In particular, w ∈ Wh
is generated by g 0 , and g 1 w = 0, it follows that g 1w = 0. Because r
Then W is a Whittaker g ψ -module of type ψ and character χ λ , hence W is simple and isomorphic to W ψ,χ λ by Proposition 4.3. Further, the simplicity of V implies that V = U (g) w. Hence, the map M ψ,λ → V, defined by uw ψ,λ → u w defines a surjective homomorphism of U (g)-modules.
ψ } describe the isomorphism classes of the strongly typical simple Whittaker g-modules.
The case ψ is non-singular
For this section, we fix 0 = ψ ∈ L non-singular and we describe the space Wh 0 ψ ( M ψ,λ ). We use this description to show that in the case g = sl(1, 2), the induced modules M ψ,λ are in fact simple for any ψ ∈ L and λ ∈ h * .
Recall that P ⊂ h * the set of weights of g −1 as a g 0 -module (counted with multiplicities).
Proposition 5.1. Assume that 0 = ψ ∈ L is non-singular. As a g 0 -module M ψ,λ has a composition series with length equal to dim g −1 . The composition factors are isomorphic to the irreducible Whittaker g 0 -modules W ψ,χ λ+ν , where ν ∈ P . Furthermore the space of Whittaker vectors Wh
Proof. Since ψ is non-singular, it follows that g ψ = g 0 and
finite-dimensional, the result follows from [10, Thm 4.6].
, we obtain the following:
Assume that ψ ∈ L is non-singular. Then the space Wh ψ ( M ψ,λ ) is finite-dimensional.
5.1. Classification of simple Whittaker modules for sl (1, 2) . In this section, we consider more carefully the modules M ψ,λ for g = sl(1, 2). In Section 4.2, we showed that these modules always have finite composition length. Here we use Corollary 3.5 show that for this superalgebra they are in fact always simple. The Lie superalgebra sl(1, 2) has the following basis: This gives a triangular decomposition for g, where h = span{h, z} is a Cartan subalgebra and n + = span{x 1 , x 2 , x 3 }. (Note that n + 0 = span{x 1 } and n + 1 = span{x 2 , x 3 }.) Let ψ ∈ L be non-singular. Then ψ| n + 1 = 0 and suppose that ψ(x 1 ) = a ∈ C, a = 0. Let λ ∈ h * , and assume that χ λ (C) = b and χ λ (z) = c, b, c ∈ C. Let W ψ,χ λ be defined as before.
Clearly, g ψ = g 0 , r Proof. Set w 1 = w, w 2 = y 2 w, w 3 = y 2 y 3 w, w 4 = 2ay 3 + y 2 hw. Then Proof. This follows from Lemma 5.7 and Corollary 3.5.
Combining the above result with Theorem 4.27 we obtain the following:
Corollary 5.17. Let g = sl(1, 2), ψ ∈ L, ψ = 0. The { M ψ,λ , λ ∈ h * /W · } represent the isomorphism classes of all strongly typical simple Whittaker g-modules of type ψ.
